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This paper considers the bending of transversely isotropic circular plates with elastic compliance coeﬃcients being arbi-
trary functions of the thickness coordinate, subject to a transverse load in the form of qrk (k is zero or a ﬁnite even num-
ber). The diﬀerential equations satisﬁed by stress functions for the particular problem are derived. An elaborate analysis
procedure is then presented to derive these stress functions, from which the analytical expressions for the axial force, bend-
ing moment and displacements are obtained through integration. The method is then applied to the problem of trans-
versely isotropic functionally graded circular plate subject to a uniform load, illustrating the procedure to determine
the integral constants from the boundary conditions. Analytical elasticity solutions are presented for simply-supported
and clamped plates, and, when degenerated, they coincide with the available solutions for an isotropic homogenous plate.
Two numerical examples are ﬁnally presented to show the eﬀect of material inhomogeneity on the elastic ﬁeld in FGM
plates.
 2007 Elsevier Ltd. All rights reserved.
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The concept of functionally graded materials (FGMs) was initially proposed in 1984 by a group of scientists
in Sendai, Japan (Yamanouchi et al., 1990; Koizumi, 1993). Since then, FGMs have been of intensive research
interests. Due to the continuously varying material properties in space on the macroscopic scale, FGMs are
usually superior to the conventional ﬁber-matrix materials in mechanical behavior, especially under thermal
loads. Because of no internal seams or boundaries, stress peaks are missing in FGM structures when external0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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FGMs have been widely used in various ﬁelds including electronics, chemistry, optics, biomedicine, etc.
Heretofore, volumes of literatures have been published on the investigation of mechanical performance of
FGM structures (Chen et al., 2002a; Chen et al., 2003). Tanigawa (1995) presented a comprehensive review of
various approaches proposed to analyze the thermo-elastic behavior of functionally graded materials. Reddy
et al. (1999) examined the axisymmetric bending of functionally graded circular and annular plates based on a
ﬁrst-order shear deformable plate theory (FST). An asymptotic theory of thermo-elastic coupled deformation
of functionally graded rectangular plate was presented in Reddy and Cheng (2001). Cheng and Batra (2000)
investigated problems of three-dimensional (3D) thermo-elastic deformation of functionally graded elliptic
plates by the asymptotic technique. Mian and Spencer (1998) established, in a simple manner, a large class
of 3D thermo-elastic solutions for functionally graded plates with traction-free surfaces from any solution
of the classical thin plate equation. 3D elastic solution for functionally graded simply supported rectangular
plate subject to transverse loading was derived by Kashtalyan (2004), who assumed that the Young’s modulus
of the plate varies exponentially through the thickness while the Poisson’s ratio remains constant. Soldatos
(2004), on the basis of the reﬁned plate theory, developed Stroh-like complex formalisms and studied the bend-
ing problem of inhomogeneous anisotropic rectangular plates. Employing a discrete layer theory in combina-
tion with the Ritz method, Ramirez et al. (2004) presented an approximate 3D analysis of anisotropic
functionally graded rectangular plates; two speciﬁc types of plates were considered, i.e. mechanical properties
vary exponentially through the thickness, and they vary quadratically as a function of ﬁber orientation. Chen
(2000a) presented an exact three-dimensional solution of a spherically isotropic spherical shell rotating at a
constant angular velocity and having material constants as power functions of the radial coordinate. Chen
(2000b) further obtained a 3D analytical solution of free vibration of a spherically isotropic FGM piezoelectric
spherical shell. For arbitrarily varying material properties, Chen and Ding (2000a,b) and Chen et al. (2002b)
studied various static and dynamic problems of FGM plates and shells by employing the state-space method
along with approximate laminate models. However, this analysis is only applicable to plates and shells with
particular boundary conditions. Lu¨ and Chen (2005) recently suggested a semi-analytical method by employ-
ing the diﬀerential quadrature technique to incorporate diﬀerent types of boundary conditions into the state
space formalism. A comprehensive review of the state-of-the-art of study on functionally graded beams, plates
and shells can be found in Bian (2005).
To the authors’ knowledge, no 3D solution of circular plates of transversely isotropic inhomogeneous
materials has been reported. In the present paper, we study by the stress function method the problem of
transversely isotropic functionally graded materials plates with simply supported or clamped edge, subject
to a transverse load in the form of qrk, k being zero or a ﬁnite even number. Five elastic compliance coeﬃcients
involved can be arbitrary continuous functions of the thickness coordinate, provided that positive-deﬁniteness
of strain-energy function and some integrable conditions are satisﬁed. When all elastic compliance coeﬃcients
are constant, the obtained solutions degenerate to those for a homogeneous plate, for which stresses and dis-
placements can be expressed in an explicit form. Comparison between the current solutions for homogeneous
isotropic materials and these in literatures validates the method proposed in the present paper. Finally, two
numerical examples are performed to validate the present solutions and to discuss the eﬀect of material inho-
mogeneity parameter on displacements and stresses in FGM plates.2. Basic equations for axisymmetric deformation problem
The equations of equilibrium with body forces neglected, the strain-displacement relations and stress-strain
relations for transversely isotropic materials, referred to a cylindrical coordinate system (r, h, z), are listed as
followsrr;r þ srz;z þ r1ðrr  rhÞ ¼ 0; srz;r þ r1srz þ rz;z ¼ 0; ð1Þ
er ¼ u;r; eh ¼ r1u; ez ¼ w;z; crz ¼ u;z þ w;r; ð2Þ
er ¼ s11rr þ s12rh þ s13rz; eh ¼ s12rr þ s11rh þ s13rz;
ez ¼ s13ðrr þ rhÞ þ s33rz; crz ¼ s44srz; ð3Þ
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the displacement components in r- and z-directions, respectively; and the comma denotes diﬀerentiation with
respect to the indicated variable. In this paper, we consider functionally graded materials, whose elastic com-
pliance coeﬃcients in Eq. (3) are functions of z, i.e. sij = sij(z). For homogeneous materials, we simply have
sij = const. As in Lekhnitskii (1981) and Ding et al. (2006), the strain compatibility equations can be derived
from Eq. (2)er ¼ ðrehÞ;r; reh;zz þ ez;r ¼ crz;z: ð4Þ
Two stress functions F and w were introduced in Ding and Xu (1988) (also see Ding et al. (2006)) as followsrr ¼ F ;zz þ r1w;r; rh ¼ F ;zz þ w;rr; rz ¼ r1ðrF ;rÞ;r; srz ¼ F ;rz: ð5Þ
It can be shown that the equations of equilibrium, Eq. (1), have been satisﬁed automatically.3. Stress functions
We start the analysis by assuming thatF ðr; zÞ ¼
X1
n¼0
rnF nðzÞ;wðr; zÞ ¼
X1
n¼0
rnwnðzÞ: ð6Þwhere Fn(z) and wn(z), (n = 0, 1, 2, . . .), are also called stress functions here, depending on the thickness var-
iable z only. It is evident from Eqs. (5) and (6) that w0(z) contributes nothing to the stress components so that
one can set w0(z) = 0.
Substituting Eq. (6) into Eq. (5) yieldsrz ¼ F 1r þ
X1
n¼0
ðnþ 2Þ2rnF nþ2; rr ¼ w1r þ
X1
n¼0
rn½F n;zz þ ðnþ 2Þwnþ2;
rh ¼
X1
n¼0
rn½F n;zz þ ðnþ 2Þðnþ 1Þwnþ2; srz ¼ 
X1
n¼0
ðnþ 1ÞrnF nþ1;z:
ð7ÞThe ﬁniteness of the stress components rz and rr at r = 0 requires thatF 1ðzÞ ¼ 0;w1ðzÞ ¼ 0: ð8Þ
Introducing Eq. (7) into Eq. (3), one obtains the expressions for strain componentser ¼
X1
n¼0
rnfðs11 þ s12ÞF n;zz þ ðnþ 2Þ2s13F nþ2 þ ðnþ 2Þ½s11 þ ðnþ 1Þs12wnþ2g;
eh ¼
X1
n¼0
rnfðs11 þ s12ÞF n;zz þ ðnþ 2Þ2s13F nþ2 þ ðnþ 2Þ½s12 þ ðnþ 1Þs11wnþ2g;
ez ¼
X1
n¼0
rnf2s13F n;zz þ ðnþ 2Þ2ðs33F nþ2 þ s13wnþ2Þg; crz ¼ 
X1
n¼0
rnðnþ 1Þs44F nþ1;z:
ð9ÞSubstituting Eq. (9) into Eq. (4) and comparing the coeﬃcients of rn give three recurrence relationsðs11 þ s12ÞF n;zz þ ðnþ 2Þ2s13F nþ2 þ ðnþ 2Þ2s11wnþ2 ¼ 0; ðn ¼ 1; 2; . . .Þ; ð10Þ
fðs11 þ s12ÞF n;zz þ ðnþ 2Þ2s13F nþ2 þ ðnþ 2Þ½s12 þ ðnþ 1Þs11wnþ2g;zz þ ðnþ 2Þðs44F nþ2;zÞ;z
þ ðnþ 2Þ½2s13F nþ2;zz þ ðnþ 4Þ2ðs13wnþ4 þ s33F nþ4Þ ¼ 0; ðn ¼ 0; 1; 2; . . .Þ; ð11Þ
2s13F 1;zz þ ðs44F 1;zÞ;z þ 9s33F 3 þ 9s13w3 ¼ 0: ð12Þ
With the aid of Eq. (10), Eq. (11) takes the form
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½ðs12  s11Þwnþ2;zz þ ðs44F nþ2;zÞ;z þ ½2s13F nþ2;zz þ ðnþ 4Þ2ðs13wnþ4 þ s33F nþ4Þ ¼ 0; ðn ¼ 1; 2; . . .Þ: ð14ÞFurthermore, Eq. (14) may be rewritten as½ðs11  s12Þwn;zz  ðs44F n;zÞ;z  ½2s13F n;zz þ ðnþ 2Þ2ðs13wnþ2 þ s33F nþ2Þ ¼ 0; ðn ¼ 3; 4; . . .Þ: ð15ÞCombining Eq. (10) for n = 1 with Eq. (12), one obtains thatF 3ðzÞ ¼ 0;w3ðzÞ ¼ 0; ð16Þ
by noting that F1(z) and w1(z) are zero and that s11s33  s213 > 0 (which is required by the positive-deﬁniteness
of the strain-energy). Furthermore, setting n in Eqs. (10) and (15) as 3, 5, 7, . . . , etc., and solving the resulting
equations simultaneously, we can getF n ¼ 0;wn ¼ 0; ðn ¼ 5; 7; 9; . . .Þ: ð17Þ
Consequently all the terms involving r of the odd orders vanish identically.
Consider a circular plate with radius a and height h, subject to a transverse load qrk, where q is a constant
and k is zero or a ﬁnite even number, as shown in Fig. 1. The boundary conditions on the surfaces z = ± h/2
arerzðr; h=2Þ ¼ 0; rzðr;h=2Þ ¼ qrk; srzðr; h=2Þ ¼ srzðr;h=2Þ ¼ 0: ð18Þ
Substituting Eq. (7)1 and Eq. (7)4 into Eq. (18) results inF nþ2ðh=2Þ ¼ qdnk=ðnþ 2Þ2; F nþ2ðh=2Þ ¼ 0; F nþ2;zðh=2Þ ¼ 0; ðn ¼ 0; 2; 4; . . .Þ; ð19Þ
where dnk is a Kronecker delta, zero for n5 k and unit for n = k.
Setting Fk+6(z) = 0, wk+6(z) = 0 and letting n = k + 6,k + 8, . . . in Eqs. (10) and (15), one arrives at
Fk+8 (z) = 0, wk+8(z) = 0, Fk+10(z) = 0, wk+10(z) = 0, etc. Hence, we can assume without lose of generality thatF kþ2mðzÞ ¼ 0;wkþ2mðzÞ ¼ 0; ðm ¼ 3; 4; 5; . . .Þ; ð20Þ
which obviously satisfy the boundary conditions in Eq. (19). Meanwhile, letting n = k + 4 in Eq. (10) and
employing Eq. (20), we can deduce that Fk+4,zz(z) = 0. Integrating it and making usage of the boundary
condition in Eq. (19) givesF kþ4ðzÞ ¼ 0: ð21Þ
Hence Eq. (7) can be rewritten asa
o
h/2
h/2
z
k k = 4qr
k = 2
k = 0
…
…
Fig. 1. FGM circular plate subjected to a transverse load.
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Xk
n¼0;2
ðnþ 2Þ2rnF nþ2; rr ¼
Xkþ2
n¼0;2
rn½F n;zz þ ðnþ 2Þwnþ2;
rh ¼
Xkþ2
n¼0;2
rn½F n;zz þ ðnþ 2Þðnþ 1Þwnþ2; srz ¼ 
Xkþ1
n¼1;3
ðnþ 1ÞrnF nþ1;z:
ð22ÞIn the present case, on letting n = 2, 4, . . ., k + 2 in Eq. (10) and n = 4, 6,   , k + 4 in Eq. (15), we obtain
k + 2 coupled equations for k + 2 functions, i.e. F2(z), F4(z), . . ., Fk+2 (z), w4(z), w6(z), . . ., and wk+4(z), which
can be derived explicitly through a step-by-step integration procedure. The integral constants involved then
can be ﬁxed by 2k + 4 boundary conditions completely, which are obtained by assigning n = 0, 2, 4, . . ., k
in Eq. (19). This procedure is shown as follows.
Setting n = k + 4 in Eq. (15) results in½ðs11  s12Þwkþ4;zz ¼ 0: ð23Þ
Integrating Eq. (23) twice from the lower limit h/2, we obtainwkþ4 ¼ gkþ4ðzÞðakþ4zþ bkþ4Þ; ð24Þ
where ak+4 and bk+4 are two integral constants, andgkþ4ðzÞ ¼ 1=ðs11  s12Þ: ð25Þ
Setting n = k + 2 in Eq. (10) yieldsðs11 þ s12ÞF kþ2;zz þ ðkþ 4Þ2s11wkþ4 ¼ 0: ð26Þ
Integrating Eq. (26) twice from the lower limit h/2 and making use of Eq. (24), we arrive atF kþ2;z ¼ ðkþ 4Þ2½akþ4f10ðzÞ þ bkþ4f00ðzÞ þ ckþ2; ð27Þ
F kþ2 ¼ ðkþ 4Þ2½akþ4f11ðzÞ þ bkþ4f01ðzÞ þ ckþ2ðzþ h=2Þ þ dkþ2; ð28Þwhere ck+2 and dk+2 are another two integral constants andfmnðzÞ ¼ 1n!
Z z
h=2
f2ðnÞnmðz nÞndn; f2ðzÞ ¼ s11=ðs211  s212Þ; ðn;m ¼ 0; 1Þ: ð29ÞSubstituting Eqs. (27) and (28) into the boundary conditions corresponding to n = k in Eq. (19) givesckþ2 ¼ 0; dkþ2 ¼ q=ðkþ 2Þ2; ð30Þ
f10ðh=2Þakþ4 þ f00ðh=2Þbkþ4 ¼ 0;
f11ðh=2Þakþ4 þ f01ðh=2Þbkþ4 ¼ q=½ðkþ 2Þðkþ 4Þ2: ð31ÞIt can be seen that ck+2, dk+2, ak+4, and bk+4 have been ﬁxed.
Taking n = k + 2 in Eq. (15), integrating twice from the lower limit h/2 and using Eqs. (21,24,28), we can
derive the expressions for wk+2(z) with another two integral constants ak+2 and bk+2 involved. Integration of
Eq. (10) twice then gives Fk(z) which contains four integral constants ak+2, bk+2, ck, and dk. These constants
can be determined by virtue of the boundary conditions corresponding to n = k  2 in Eq. (19). Following the
step of integration till w4(z) and F2(z) are determined, we can ﬁnd that all stress functions involved in Eqs. (10)
and (15) can be expressed explicitly and each boundary condition in Eq. (19) could be satisﬁed. Finally, we
may easily deduce the expression for F0,zz + w2 with two integral constants a0 and b0 involved.
It is worthy mentioning that we can not derive the individual expression for F0 or w2. In fact, it is also not
necessary to do so as we can see from the expressions for stresses and strains in Eqs. (22) and (9) that the com-
bination F0,zz + 2w2 always appears as a whole.
By virtue of the expression of rr in Eq. (22) and utilizing the boundary conditions in Eq. (19), we can obtain
the expressions for the radial resultant N(r) and bending moment M(r) as follows
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Z h=2
h=2
rrdz ¼
Z h=2
h=2
ðF 0;zz þ 2w2Þdzþ
Xkþ2
n¼2;4
ðnþ 2Þrn
Z h=2
h=2
wnþ2dz;
MðrÞ ¼
Z h=2
h=2
zrrdz ¼
Z h=2
h=2
zðF 0;zz þ 2w2Þdz
qrkþ2
ðkþ 2Þ2 þ
Xkþ2
n¼2;4
ðnþ 2Þrn
Z h=2
h=2
zwnþ2dz:
ð32ÞSubstituting Eq. (9) into Eq. (2), we can deduce the expressions for the radial and axial displacements u and
w from eh and ez, respectivelyu ¼
Xk
n¼0;2
ðnþ 2Þ2s13rnþ1F nþ2 þ
Xkþ2
n¼0;2
rnþ1fðs11 þ s12ÞF n;zz þ ðnþ 2Þ½s12 þ ðnþ 1Þs11wnþ2g;
w ¼
Xk
n¼0;2
ðnþ 2Þ2rn
Z z
h=2
s33F nþ2ðfÞdf
þ
Xkþ2
n¼0;2
rn
Z z
h=2
s13½2F n;ffðfÞ þ ðnþ 2Þ2wnþ2ðfÞdf
( )
þ w0;
ð33Þwhere w0 is an integral constant.
It is seen that there are totally 3 undetermined integral constants a0, b0, and w0 which can be completely
ﬁxed by the cylindrical boundary conditions at r = a. For example, for a simply supported (SS) circular plate,
the following boundary conditions hold at r = aNðaÞ ¼ 0;MðaÞ ¼ 0;wða; 0Þ ¼ 0: ð34Þ
For a clamped circular plate, two types of clamped boundary conditions (C1 & C2) will be discussed as followsC1 : uða; 0Þ ¼ 0;wða; 0Þ ¼ 0;w;rða; 0Þ ¼ 0; ð35Þ
C2 : uða; 0Þ ¼ 0;wða; 0Þ ¼ 0; u;zða; 0Þ ¼ 0: ð36ÞThus all the functions and integral constants involved can be determined. Substituting them into Eqs.
(22,32,33), we arrive at the expressions of the elastic ﬁeld in the plate subjected to a transverse load qrk.
It is evident that k = 0 corresponds to a special case that the plate is subjected to a uniform load q.
We shall take it as an example in the following sections to illustrate the concrete procedure mentioned
above.
4. Uniformly loaded circular plates
In this case, we have F4(z) = 0 from Eq. (21) and there left only four non-zero functions, namely, F0(z),
F2(z), w2 (z), and w4(z), governed by the following equationsðs11 þ s12ÞF 2;zz þ 16s11w4 ¼ 0; ð37Þ
½ðs11  s12Þw4;zz ¼ 0; ð38Þ
½ðs11 þ s12ÞðF 0;zz þ 2w2Þ þ 4s13F 2;zz þ 2ðs44F 2;zÞ;z þ 4s13ðF 2;zz þ 8w4Þ ¼ 0; ð39Þwhere Eqs. (37) and (38) root from Eq. (10) for n = 2 and Eq. (15) for n = 4, respectively, and Eq. (39) is
obtained from Eq. (13) simply by letting F4(z) = 0.
Now, Eq. (22) reduces torr ¼ F 0;zz þ 2w2 þ r2ðF 2;zz þ 4w4Þ; rz ¼ 4F 2;
rh ¼ F 0;zz þ 2w2 þ r2ðF 2;zz þ 12w4Þ; srz ¼ 2rF 2;z:
ð40ÞIntegrating Eq. (38) twice from the lower limit h/2, we obtain
w4 ¼ g4ðzÞða4zþ b4Þ; ð41Þwhere a4 and b4 are two integral constants and g4(z) is deﬁned in Eq. (25).
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where f2(z) is deﬁned in Eq. (29).
Integrating Eq. (42) twice from the lower limit h/2, we obtain
F 2;z ¼ 16a4f10ðzÞ  16b4f00ðzÞ þ c2; ð43Þ
F 2 ¼ 16a4f11ðzÞ  16b4f01ðzÞ þ c2zþ d2; ð44Þwhere c2 and d2 are another two integral constants, and fmn(z), (n, m = 0, 1)is deﬁned in Eq. (29).
Substituting Eqs. (43) and (44) into Eq. (19), yieldsc2 ¼ 0; d2 ¼ q=4; ð45Þ
a4f11ðh=2Þ þ b4f01ðh=2Þ ¼ q=64; a4f10ðh=2Þ þ b4f00ðh=2Þ ¼ 0: ð46ÞThe constants a4 and b4 can be determined from Eq. (46)1 and (46)2 as followsa4 ¼ qA4; b4 ¼ qB4; ð47Þ
whereA4 ¼ f00ðh=2Þ=ð64JÞ;B4 ¼ f10ðh=2Þ=ð64JÞ;
J ¼ f11ðh=2Þf00ðh=2Þ  f01ðh=2Þf10ðh=2Þ: ð48ÞIntegrating Eq. (39) twice from the lower limit h/2 results inðs11 þ s12ÞðF 0;zz þ 2w2Þ þ 4s13F 2 ¼ 2
Z z
h=2
½s44F 2;z þ 2ðz nÞs13ðF 2;zz þ 8w4Þdnþ a0zþ b0; ð49Þwhere a0 and b0 are two integral constants.
Substituting Eqs. (41)–(45) into Eq. (49) yieldsðF 0;zz þ 2w2Þ ¼ 32a4G1ðzÞ þ 32b4G0ðzÞ þ qS2ðzÞ þ a0S1ðzÞ þ b0S0ðzÞ; ð50Þ
where
iSiðzÞ ¼ zs11 þ s12 ; S2ðzÞ ¼
s13
s11 þ s12 ;GiðzÞ ¼ S0ðzÞ½2s13fi1 þ GiðzÞ;
GiðzÞ ¼
Z z
h=2
½s44fi0 þ s13ðz nÞnið2f 2  g4Þdn; ði ¼ 0; 1Þ:
ð51Þ5. Stress, axial force, bending moment and displacements
Substituting Eqs. (41)–(45), (50) into Eq. (40) leads to the following expressions for stress componentsrr ¼ 4a4½r2zð4f 2  g4Þ  8G1ðzÞ  4b4½r2ð4f 2  g4Þ  8G0ðzÞ þ qS2ðzÞ þ a0S1ðzÞ þ b0S0ðzÞ;
rh ¼ 4a4½r2zð4f 2  3g4Þ  8G1ðzÞ  4b4½r2ð4f 2  3g4Þ  8G0ðzÞ þ qS2ðzÞ þ a0S1ðzÞ þ b0S0ðzÞ;
rz ¼ 64a4f11ðzÞ  64b4f01ðzÞ  q; srz ¼ 32r½a4f10ðzÞ þ b4f00ðzÞ:
ð52ÞFrom Eq. (52), we can draw three conclusions: (1) the stress components rz and srz are related to a4 and b4
only and are independent of a0, b0 and w0, i.e. the circumferential boundary conditions exert no inﬂuence on rz
and srz; (2) rz is independent of r, being a function of variable z only; (3) rr = rh at r = 0, which must be sat-
isﬁed in view of no diﬀerence in radial and circumferential directions along the axisymmetric axis.
It is easy to obtain expressions for the axial forceN(r) and the bendingmomentM(r) from the expression for rr in Eq. (52)NðrÞ ¼
Z h=2
h=2
rrdz ¼ 4a4ðr2N 1  8N 01Þ  4b4ðr2N 0  8N 00Þ þ qL02 þ a0L01 þ b0L00; ð53Þ
MðrÞ ¼
Z h=2
h=2
zrrdz ¼ 4a4ðr2N 2  8N 11Þ  4b4ðr2N 1  8N 10Þ þ qL12 þ a0L11 þ b0L10; ð54Þ
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Z h=2
h=2
zmSiðzÞdz;Ni ¼
Z h=2
h=2
zið4f 2  g4Þdz;
Nmk ¼
Z h=2
h=2
zmGkðzÞdz; ðm; k ¼ 0; 1; i ¼ 0; 1; 2Þ:
ð55ÞSubstituting Eq. (40) into Eq. (3) and using Eq. (2), give rise to, through integration, the expressions for
displacements. Further, when Eqs. (41)–(45), (50) are used, we obtainu ¼ b0rþ a0rz 4a4r½r2z 8G1ðzÞ  4b4r½r2  8G0ðzÞ;
w ¼ a4½64f 311ðzÞ þ 16r2f1ðzÞ  64G11ðzÞ  r4  16b4½4f 301ðzÞ þ r2f0ðzÞ  4G10ðzÞ
 q½S30ðzÞ  2S12ðzÞ þ a0½2S11ðzÞ  r2=2 þ 2b0S10ðzÞ þ w0;
ð56Þwhere w0 is an integral constant, andG1kðzÞ ¼
Z z
h=2
s13ðnÞGkðnÞdn; f 3k1ðzÞ ¼
Z z
h=2
s33ðnÞfk1ðnÞdn;
fkðzÞ ¼
Z z
h=2
s13ðnÞnk½2f 2ðnÞ  g4ðnÞdn; S30ðzÞ ¼
Z z
h=2
s33ðnÞdn;
S1i ðzÞ ¼
Z z
h=2
s13ðnÞSiðnÞdn; ðk ¼ 0; 1; i ¼ 0; 1; 2Þ:
ð57ÞAll expressions for stresses, axial force, bending moment and displacements derived above will degenerate
into those for isotropic materials, if we takes12 ¼ s13 ¼ m=E; s11 ¼ s33 ¼ 1=E; s44 ¼ 2ðs11  s12Þ ¼ 2ð1þ mÞ=E; ð58Þ
where E and m are Young’s modulus and Poisson’s ratio, respectively.
Now, we will seek the solutions for the circular plate with diﬀerent types of boundary conditions, which will
be used to determine the remaining arbitrary constants a0, b0, and w0 in the solution derived above.
6. Determination of remaining constants
6.1. Simply-supported circular plate
Substituting Eqs. (53) and (54) into the ﬁrst two of Eq. (34) and using Eq. (47), we obtaina0 ¼ qA0; b0 ¼ qB0; ð59Þ
whereA0 ¼ 4ðL10A L00BÞ=D;B0 ¼ 4ðL10B L11AÞ=D;D ¼ L11L00  L01L10;
A ¼ L02  4A4ða2N 1  8N 01Þ  4B4ða2N 0  8N 00Þ;
B ¼ L12  4A4ða2N 2  8N 11Þ  4B4ða2N 1  8N 10Þ:
ð60ÞSubstitution of the expression for w in Eq. (56) into the last boundary condition in Eq. (34) and making use
of Eqs. (47) and (59), we obtainw0 ¼ qW 0; ð61Þ
whereW 0 ¼ A4a4 þ a2½16A4f1ð0Þ þ 16B4f0ð0Þ þ 2A0 þ 64A4½f 311ð0Þ  G11ð0Þ þ 64B4½f 301ð0Þ  G10ð0Þ
þ ½S30ð0Þ  2S12ð0Þ  2A0S11ð0Þ  2B0S10ð0Þ: ð62Þ
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(47,59,61) back into Eqs. (52) and (56)rz
q
¼ ½64A4f11ðzÞ þ 64B4f01ðzÞ þ 1; srzq ¼ 32qr½A4f10ðzÞ þ B4f00ðzÞ;
rr
q
¼ 4r2½4f 2ðzÞ  g4ðzÞðA4zþ B4Þ þ 32A4G1ðzÞ þ 32B4G0ðzÞ þ S2ðzÞ þ A0S1ðzÞ þ B0S0ðzÞ; ð63Þ
rh
q
¼ 4r2½4f 2ðzÞ  3g4ðzÞðA4zþ B4Þ þ 32A4G1ðzÞ þ 32B4G0ðzÞ þ S2ðzÞ þ A0S1ðzÞ þ B0S0ðzÞ:
u ¼ qfB0rþ A0rz 4A4r½r2z 8G1ðzÞ  4B4r½r2  8G0ðzÞg;
w ¼ qfA4½64f 311ðzÞ þ 16r2f1ðzÞ  64G11ðzÞ  r4  16B4½4f 301ðzÞ þ r2f0ðzÞ  4G10ðzÞ
 q½S30ðzÞ  2S12ðzÞ þ A0½2S11ðzÞ  r2=2 þ 2B0S10ðzÞ þ W 0g: ð64Þ
For homogeneous materials, i.e. when sij = const, all functions involved become polynomials of z. Then we
obtain from Eqs. (63) and (64) the expressions for stress and displacement components for a transversely
homogeneous isotropic materialrz ¼ q 2 z
3
h3
þ 3
2
z
h
 1
2
 
; srz ¼ 3q z
2r
h3
 1
4
r
h
 
;
rr ¼ q  3ð3s11  s12Þ
4s11
zr2
h3
þ ðs11  s12Þ
s11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
 
z
h
 3
 3ðs11  s12Þ
20s11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
 
z
h
þ 3ð3s11  s12Þ
4s11
a2z
h3

; ð65Þ
rh ¼ q  3ðs11  3s12Þ
4s11
zr2
h3
þ ðs11  s12Þ
s11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
 
z
h
 3
 3ðs11  s12Þ
20s11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
 
z
h
þ 3ð3s11  s12Þ
4s11
a2z
h3

:
u ¼ qr  3
4
s211  s212
s11
r2z
h3
þ s11  s12
s11
s13 þ s11s44s11  s12
 
z
h
 3
þ 3
4
ðs11 þ s12Þð3s11  s12Þ
s11
a2z
h3
 3
20
s13
s11
ðs11  s12Þ þ s44  8s13
 	
z
h
 s13
2

;
w ¼ q 3ðs
2
11  s211Þ
16s11
r4
h3

 3s13ðs11  s12Þ
2s11
r2z2
h3
 z
4
2h3
s33  s13ðs11  s12Þs11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
  	
þ 3s13
4s11
ð3s11  s12Þ a
2z2
h3
ð66Þ
þ 3
40
r2
h
s13
s11
ðs11  s12Þ  4ðs44 þ 2s13Þ
 	
 3
8
ð3s11  s12Þðs11 þ s12Þ
s11
a2r2
h3
þ 3z
2
20h
5s33  s13ðs11  s12Þs11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
  	
þ z
2
3s33  8s
2
13
s11 þ s12
 
þ 3ðs11 þ s12Þð5s11  s12Þ
16s11
a4
h3
 3a
2
40h
s13
s11
ðs11  s12Þ  4ðs44 þ 2s13Þ
 	
:The stresses and displacements for a homogeneous isotropic material can be easily determined by substi-
tuting Eq. (58) into Eqs. (65) and (66); for example, rr in Eq. (65) becomesrr ¼ q ð2þ mÞ z
3
h3
 3ð3þ mÞ
4
r2z
h3
 3ð2þ mÞ
20
z
h
þ 3ð3þ mÞ
4
a2z
h3
 	
: ð67Þ
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8
z3
c3
 3ð3þ mÞ
32
r2z
c3
 3ð2þ mÞ
40
z
c
þ 3ð3þ mÞ
32
a2z
c3
 	
; ð68Þwhich is identical with that in Timoshenko and Goodier (1970).
Substituting Eq. (58) into Eq. (66)2 and letting z = 0 gives arises to the deﬂection of neutral surface of a
homogeneous isotropic plate with SS edgewðr; 0Þ ¼ qða
2  r2Þ
64D0
5þ m
1þ m a
2  r2
 
þ ðm
2 þ mþ 8Þ
160ð1 m2Þ
qh2ða2  r2Þ
D0
; ð69Þwhere D0 = Eh
3/12(1  m2) and the ﬁrst term on the right-hand side is exactly the deﬂection predicted by the
classical plate theory (CPT) as given in Timoshenko and Woinowsky-Krieger (1959).
6.2. Clamped circular plate
As mentioned before, two types of clamped boundary conditions (C1 & C2) will be discussed.
For an FGM circular plate with C1 edge, the integral constants are determined by substituting Eq. (56) into
Eq. (35) and using Eq. (47)a0 ¼ qA01; b0 ¼ qB01;w0 ¼ qW 01; ð70Þ
whereA01 ¼ 4A4½8f 1ð0Þ  a2  32B4f0ð0Þ;B01 ¼ 32A4G1ð0Þ þ 4B4½a2  8G0ð0Þ; ð71Þ
and W01 can be obtained by replacing A0 and B0 in Eq. (62) by A01 and B01, respectively.
The expressions for stresses and displacements as shown in Eqs. (63) and (64) keep unchanged except that
A0, B0, and W0 should be replaced by A01, B01, and W01. For homogeneous materials, i.e. when sij = const,
relevant functions in the solution become polynomials of z. The corresponding expressions for stresses and
displacements then can be derived from Eqs. (63) and (64) as followsrz ¼ q 2 z
3
h3
þ 3
2
z
h
 1
2
 
; srz ¼ 3q z
2r
h3
 1
4
r
h
 
;
rr ¼ q  3ð3s11  s12Þ
4s11
zr2
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s11  s12 s11
 
z
h
 3
 3ðs44 þ 2s13Þ
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
; ð72Þ
rh ¼ q  3ðs11  3s12Þ
4s11
zr2
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þ ðs11  s12Þ
s11ðs11 þ s12Þ s13 þ
s44 þ 2s13
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z
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:
u ¼ qr  3
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z
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
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:
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homogeneous isotropic circular plate with C1 edge, which coincide with those presented in Luo et al. (2004)
and Ding et al. (2005). In particular, the deﬂection of a homogeneous isotropic circular plate with C1 edge can
be derived simply by substitution of Eq. (58) into Eq. (73)2 and letting z = 0 asw1ðrÞ ¼ qða2  r2Þ2=64D0; ð74Þ
which coincides with that given by Timoshenko and Woinowsky-Krieger (1959).
For a circular plate with C2 edge, we can determine the integral constants by substituting Eq. (56) into Eq.
(36) and taking advantage of Eq. (47) as followsa0 ¼ qA02; b0 ¼ qB02;w0 ¼ qW 02; ð75Þ
whereA02 ¼ 4A4½a2  8G01ð0Þ  32B4G00ð0Þ;B02 ¼ 32A4G1ð0Þ þ 4B4½a2  8G0ð0Þ; ð76Þ
and W02 can be obtained by replacing A0 and B0 in Eq. (62) by A02 and B02, respectively. The expressions of
stresses and displacements in Eqs. (63) and (64) are still valid, provided that A0, B0, and W0 are replaced by
A02, B02, and W02, respectively.
For homogeneous materials, we can similarly getrz ¼ q 2 z
3
h3
þ 3
2
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; srz ¼ 3q z
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 
;
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
; ð77Þ
rh ¼ q  3ðs11  3s12Þ
4s11
zr2
h3
þ ðs11  s12Þ
s11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
 
z
h
 3
 3s13
2ðs11 þ s12Þ
z
h
þ 3ðs11  s12Þ
4s11
a2z
h3
þ s13
2ðs11 þ s12Þ

:
u ¼ qr  3
4

s211  s212
s11
r2z
h3
þ s11  s12
s11
s13 þ s11s44s11  s12
 
z
h
 3
þ 3
4
s211  s212
s11
a2z
h3

;
w ¼ q 3ðs
2
11  s212Þ
16s11
r4
h3
 3s13ðs11  s12Þ
2s11
r2z2
h3
 3
8
ðs211  s212Þ
s11
a2r2
h3
 3
8
s44
r2
h

 z
4
2h3
s33  s13ðs11  s12Þs11ðs11 þ s12Þ s13 þ
s44 þ 2s13
s11  s12 s11
  	
þ 3s13
4s11
ðs11  s12Þ a
2z2
h3
þ 3z
2
4h
s33  2s
2
13
s11 þ s12
 
 z
2
s33  2s
2
13
s11 þ s12
 
þ 3ðs
2
11  s212Þ
16s11
a4
h3
þ 3
8
s44
a2
h

: ð78ÞIn terms of the relations in Eq. (58), Eqs. (77) and (78) become the expressions for stresses and displace-
ments for a homogeneous isotropic material. They agree with those presented in Ding et al. (2005) for a homo-
geneous isotropic circular plate with C2 edge. The deﬂection for a homogeneous isotropic plate can also be
deduced similarlyw2ðrÞ ¼ qða2  r2Þ2=64D0 þ qða2  r2Þh2=16D0ð1 mÞ: ð79Þ
Comparison between Eqs. (74) and (79) yieldsw2ðrÞ  w1ðrÞ ¼ qða2  r2Þh2=16D0ð1 mÞP 0; ð80Þ
which indicates that the deﬂection for a uniformly loaded homogeneous isotropic plate with C2 edge is always
larger than that for a plate with C1 edge.
Thus 3D analytical elasticity solutions for uniformly loaded FGM plates with diﬀerent edges have been
obtained; there are two points that should be strengthened:
202 X.Y. Li et al. / International Journal of Solids and Structures 45 (2008) 191–210(1) The elastic ﬁelds are expressed explicitly, showing clearly the eﬀect of material inhomogeneity that facil-
itates greatly the optimization design of FGM structures.
(2) The material coeﬃcients can be the arbitrary continuous functions of z, and hence they can be applied to
various FGM models (including the homogeneous material as a particular case), which is shown in the
next section.
7. Numerical examples and discussion
In the numerical calculation, we take q = 1 · 106 (N/m2) and a = 0.1 (m). The following dimensionless
quantities are also introduced for the convenience of display,Table
Mater
ET (N/
110.25Rn ¼ rr=q;Rnf ¼ srz=q;Rf ¼ rz=q;U ¼ u=a;W 1 ¼ w=w1ð0Þ;
W 2 ¼ w=h; 0 6 n ¼ r=a 6 1;0:5 6 f ¼ z=h 6 0:5; b ¼ h=a;
ð81Þwhere the deﬁnition of w1(r) can be found in Eq. (74) and w1 (0) = qa
4/64D0 is the central deﬂection of a uni-
formly loaded homogeneous isotropic plate with C1 edge (Timoshenko and Woinowsky-Krieger, 1959).
Example 1. To validate the present solutions further, we ﬁrst consider a special isotropic inhomogeneous
circular plate with the following FGM model (Reddy et al., 1999)E ¼ ET ð0:5 fÞk þ EZ ½1 ð0:5 fÞk; m ¼ const; ð82Þ
where k is the gradient index, m is Poisson’s ratio, and ET and EZ are Young’s moduli of Titanium and Zir-
conium, respectively. It should be emphasized that k = 0 (k!1) corresponds to a homogeneous Titanium
(Zirconium) material. Table 1 lists the material properties of Titanium and Zirconium (Reddy et al., 1999;
Xie, 2004).
As mentioned before, the distribution of rz and srz are independent of the circumferential conditions. The
curves of dimensionless axial stress Rf versus f are shown in Fig. 2, which indicates that jRfj for inhomoge-
neous materials is larger than that for the homogeneous case. Fig. 3 depicts the curves of dimensionless shear
stress Rnf versus f at n = 0.5. The location of the maximum shear stress jRnfj changes with k. When k = 0, the
curve tends to be a parabola, and the maximum value of Rnf occurs at f = 0. In the inhomogeneous case, the
points where the maximum value is achieved cease to locate in the neutral surface, moving toward to the lower
surface (f = 0.5).
Figs. 4–6 show the curves of the dimensionless radial stress (Rn) at r = 0 versus f, for diﬀerent gradient indi-
ces, of the plate under SS, C1 and C2 edge conditions. From Figs. 4–6, we can see that Rn under various edge
conditions exhibit similar distribution along the thickness of the plate except for the magnitude. It is of interest
to note that the maximum absolute value of compressive stress for k5 0 does not occur at the upper surface
(f =  0.5) as in the homogeneous case.
Tables 2–4 give the dimensionless central deﬂection W1(0,0) of the FGM circular plate with SS, C1 and
C2 edges, and comparison with existing results is made. It is noted that all data corresponding to Reddy
et al. (1999) are directly extracted from their paper except those on the last columns in Tables 2 and 4,
which are calculated from Eq. (76) of that paper. From Tables 2–4, we can draw the following
conclusions:
(1) For the central deﬂections under various edge conditions, the present solutions agree well with those
based on FST (Reddy et al., 1999), thus further validating the present method;1
ial properties
m2) EZ (N/m2) m
· 109 278.41 · 109 0.288
-1
-0.75 -0.5 -0.25 0
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Fig. 2. Dimensionless axial stress Rf.
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Fig. 3. Dimensionless shear stress Rnf.
X.Y. Li et al. / International Journal of Solids and Structures 45 (2008) 191–210 203(2) W1(0, 0) of the plate with C1 edge is independent of the thickness-to-radius ratio b, implying that the
central deﬂection for C1 edge is somehow similar to that based on CPT. This is illustrated by the expres-
sion for deﬂection of neutral surface for a homogeneous material given in Eq. (74);
(3) The deﬂection for the clamped plate given in Reddy et al. (1999) for b5 0 lies between the present solu-
tions corresponding to C1 and C2 edges, and agrees better with the one for C2 edge. It should be pointed
out that Reddy et al. (1999) introduced a shear factor js = 5/6 when considering the eﬀect of shear defor-
mation. The forgoing observation also holds true if js takes 7/8, 8/9, p
2/12 and some other oft-used
shear factors in engineering. Consequently, the result corresponding to C2 (C1) edge provides an upper
(lower) limit for the predictions by any FST. Fig. 7 illustrates this graphically for a particular FGM plate
(k = 10);
-40 -20 0 20 40
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=0.2
Fig. 4. Dimensionless radial stress Rn (SS).
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Fig. 5. Dimensionless radial stress Rn (C1).
204 X.Y. Li et al. / International Journal of Solids and Structures 45 (2008) 191–210(4) The deﬂection under various edge conditions deceases rapidly with k and gradually converges to a cer-
tain value, which corresponds to that for a circular plate made of Zirconium. The decaying curve of
W1(0,0) for b = 0.1 is given in Fig. 8, showing that the diﬀerence between the current solution and that
in Reddy et al. (1999) increases slightly with k.Example 2. Now consider a particular transversely isotropic functionally graded plate (h = 0.03 m) with the
cylindrical edge simply supported (SS). The elastic compliances of the plates are taken in the following form
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Fig. 6. Dimensionless radial stress Rn (C2).
Table 2
Dimensionless central deﬂection W1 of FGM circular plate with SS edge
k Thickness-to-radius ratio b
0.05 0.10 0.15 0.20 0.30
Present Reddy Present Reddy Present Reddy Present Reddy Present Reddy
0 10.391 10.396 10.460 10.481 10.575 10.623 10.736 10.822 11.197 11.389
2 5.709 5.497 5.738 5.539 5.786 5.610 5.853 5.708 6.0145 5.990
4 5.219 5.115 5.245 5.153 5.289 5.217 5.351 5.307 5.528 5.562
8 4.809 4.773 4.835 4.810 4.879 4.870 4.941 4.954 5.117 5.195
10 4.700 4.677 4.727 4.712 4.771 4.772 4.833 4.855 5.009 5.093
50 4.256 4.257 4.283 4.291 4.329 4.348 4.392 4.428 4.574 4.655
102 4.187 4.178 4.215 4.223 4.260 4.280 4.324 4.359 4.506 4.585
103 4.123 4.113 4.150 4.124 4.196 4.214 4.260 4.293 4.442 4.518
104 4.118 4.118 4.146 4.151 4.191 4.208 4.255 4.286 4.438 4.511
105 4.118 4.117 4.146 4.151 4.191 4.208 4.255 4.285 4.438 4.510
Table 3
Dimensionless central W1 of FGM circular plate with C1 edge
k 0 2 4 8 10 50 102 103 104 105
Present 2.525 1.388 1.269 1.169 1.143 1.034 1.018 1.002 1.001 1.001
Reddy 2.525 1.388 1.269 1.169 1.143 1.034 1.018 1.002 1.000 1.000
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where j is another gradient index and s0ij represent the values of elastic compliances at the surface f =  0.5.
The material properties at f =  0.5 are identical to the ceramic PZT-4 (Ding et al., 2006) and are listed in
Table 5.
Figs. 9–11 depict the distributions of the dimensionless axial stress and shear stress at n = 0.5 and
radial stress at n = 0.5 along the thickness of the plate, respectively. Comparing Figs. 9 and 10 with
Table 4
Dimensionless central deﬂection W1 (·104) of FGM circular plate with C2 edge
k Thickness-to-radius ratio b
0.05 0.10 0.15 0.20 0.30
Present Reddy Present Reddy Present Reddy Present Reddy Present Reddy
0 2.561 2.554 2.667 2.639 2.844 2.781 3.093 2.979 3.802 3.547
2 1.405 1.402 1.456 1.444 1.540 1.515 1.658 1.613 1.996 1.895
4 1.284 1.282 1.329 1.320 1.405 1.384 1.511 1.473 1.813 1.729
8 1.184 1.181 1.227 1.217 1.300 1.278 1.402 1.362 1.694 1.603
10 1.157 1.155 1.201 1.190 1.273 1.250 1.375 1.333 1.665 1.571
50 1.049 1.046 1.091 1.080 1.162 1.137 1.262 1.216 1.545 1.444
102 1.032 1.029 1.074 1.063 1.145 1.119 1.244 1.199 1.526 1.425
103 1.016 1.013 1.058 1.047 1.128 1.103 1.227 1.182 1.508 1.407
104 1.015 1.011 1.057 1.045 1.127 1.101 1.226 1.180 1.507 1.405
105 1.015 1.011 1.057 1.045 1.127 1.101 1.226 1.180 1.507 1.405
0 0.05 0.1 0.15 0.2
1.1
1.2
1.3
1.4 C2
Reddy
C1
=10
W
1×
10
-
4
Fig. 7. Dimensionless central deﬂection for an FGM plate.
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Fig. 8. Central deﬂection versus lnk.
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Fig. 10. Dimensionless shear stress Rnf.
Table 5
Material properties of PZT-4 (Unit: m2/N · 1012)
s011 s
0
12 s
0
13 s
0
33 s
0
44
12.3030 4.0905 5.2846 15.4967 39.0625
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Fig. 9. Dimensionless axial stress Rf.
X.Y. Li et al. / International Journal of Solids and Structures 45 (2008) 191–210 207Figs. 2–4 reveals that the stress distributions in plates of diﬀerent FGM models are completely diﬀerent.
From Fig. 9, it is seen that jRfj decays with j, which diﬀers from its counterpart in Example 1. From
Fig. 10, we see that the location of the maximum shear stress (here we means the absolute value jRnfj)
changes with the gradient index j. The point, at which the maximum shear stress is reached, approaches
to the bottom surface (z = h/2) as j increases and the maximum shear stress increases with jjj. It is evi-
dent that the gradient index has a signiﬁcant inﬂuence on the distribution of the radial stress: the greaterj,
the larger (smaller) absolute value of the tensile (compressive) stress at the bottom (upper) surface. This is
also diﬀerent from that regarding Rn in Example 1.
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Fig. 11. Dimensionless radial stress Rn (SS).
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Fig. 12. Dimensionless radial displacement at n = 0.5 (SS).
208 X.Y. Li et al. / International Journal of Solids and Structures 45 (2008) 191–210Fig. 12 shows the curves of dimensionless radial displacement at n = 0.5, indicating that the radial displace-
ment changes always almost linearly along the thickness of the plate. The curves of dimensionless axial dis-
placement W2 versus f are drawn in Fig. 13. We can see that W2 almost keeps invariant along the
thickness of the plate for a small gradient index (j 6 1 in this case), while it apparently becomes not straight
when j = 3. As shown in Figs. 12 and 13, both the radial displacement at the bottom surface and the axial
displacement along the symmetric axis increase rapidly with the gradient index because the plate becomes
softer as indicated by Eq. (83).8. Conclusions
A set of elasticity solutions are derived based on the stress function formulations for the axisymmetric prob-
lem of transversely isotropic FGM circular plates subject to a load in form of qrk, where k is zero or a ﬁnite
even number. Each material constant involved can vary along the thickness in an arbitrary continuous way.
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Fig. 13. Dimensionless axial displacement at n = 0 (SS).
X.Y. Li et al. / International Journal of Solids and Structures 45 (2008) 191–210 209Consequently, the present solutions are valid to a wide range of problems of circular plates for diﬀerent FGM
models.
Further theoretical study is however strongly desired to consider the load when k is a ﬁnite odd number. If
it is succeeded, then combining with the Taylor series expansion, one should be able to obtain the analytical
solution of an FGM circular plate subject to any type of axisymmetric loading. To make the breakthrough,
the form of stress function given in Eq. (6) shall be revised accordingly.
Numerical results for two special plates subject to a uniform load show that the material inhomogeneity has
an important eﬀect on the elastic deformation and stresses in the plate. Thus, the deﬂection as well as the dis-
tribution of stresses along the thickness can be easily controlled by changing the material gradient index. For a
practical purpose, however, the optimization object should be pre-determined case by case for the sake of easy
choice of this index.
In our derivation, no simplifying assumption on deformation and stress distribution (such as the straight-
normal hypothesis) has been made, Hence, the present solutions, based on the elasticity theory, can serve as a
benchmark for clarifying any approximate theory or numerical method. The importance of such benchmark
solutions is highlighted if we notice the fact that no numerical method performs well while keeping an eco-
nomic computation cost, especially when the material properties of the plate vary signiﬁcantly through the
thickness.
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